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A paper should contain a short and clear summary of the new re- 
sults obtained and the relations in which they stand to results already 
known. It sbould be remembered that, at the present stage of mathe- 
matical research, hardly any paper is likely to be so completely original 
as to be independent of earlier work in the same direction; and that 
readers are often helped to appreciate the importance of a new investiga- 
tion by seeing its connection with more familiar results. 


The principal results of a paper should, when possible, be enunciated 
separately and explicitly in the form of definite theorems, 
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ON THE CARTESIAN OVAL (Second Pager.) 
By V. Ramaswami Alvar, M,A, 


i Trigonometric Analysis, 


1. Let O be the triple focus and F;, F,, F, the single foci of a 
cartesian oval (1*), in regard to which we shall generally follow the 
notation in the previous paper (J. 7. M. S., Vol. XI, pp. 123-144.) 


Let P be a point on the oval of parameter a and let 6,, 64, 65, denote 
the angles that F,P, F,P, F,P, make with the axis pointed leftwarda, 
that is, with F,O, F,O, F,0. The trigonometric analysis of theee . 

_-angles leads to a number of interesting results. 





9. The cosines of the angles 6,, 9¢, @s can be found from the 
triangles OF,P, OF,P, OF,P, whose sides are knowne For OF,, 
OF,, OF, are a, b, c, which we may speak of as the focal lengths of the 
oval. The side O P @ Jic+catab+2r (Section III, First 
Paper). The lengths F,P, F,P, F;P, are p,, Ps» Ps, when P is on the 
outer oval, where p, = Jbc + »/ Je, &e. If P be on the inner oval, the 

6 
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lengths are py, — Pg, — pz (Section II, First Paper.) On account of 
this difference, our formule will come to differ for the two ovals, But 
we can avoid this by a simple convention, that is, we shall regard Ja (the 
square root of the smallest focal leagth) to be intrinsically negative for 
the inner oval. To put it more fully, while /a Jb, J6, are all taken 
positive for the outer oval, we shall regard ./a as negative, while ./b and 
/¢ are positive, for the inner oval. Further, we shall uuderstand ,/ab as 
short for /a./b, and /qbcas short for /aJ/d,/c, and so on. On this 
understanding it is clear that the lengths F,P, F,P, F,P, taken 
positively, are p,, p,, Py, for both the ovals ; and we obtain 


cos 0, = (rat 0 2) + 2p, 
cos 6 = (3, +%—e—a) + 2p, a a fy 


3. From these equations we find 





sin} 9, = 4 af ; cos2.@, =} Meets Vs. 
Pi Pi 
. V7." jV.V 
sin} @. = 3 ,/ -2-4; cosi 9, =} A; we (2) 
2 3 Ps 2 42 2 Ni Pa 
sin} 6, =i J Ns ;CO8S 6, =} Jae, 
; . 


where V,, V., Vs, V, 


denote four new linear functions of a as 
follows :— 


V,= ‘ad + JSb 1 Oa 
: J abe NE FES x 
Vie ge 28: =a 
| : J abe pareve va 3) 
v. = eee 


r 
a ee ns hee 


Vi = Ja+ Jb + Jo _* 


—=— 


abe 
Hence we get 


= fay Wee V.V, VV 
tan} 6,= Vvive tan2 6, = yes, tan 3 6. =\/Ftvs soo (4) 
aYy 1" 
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We also get 
4p, = V, Vi + Vz Vs 
4p, eS VS V5 + Vs; V; eee (5) 
4p, =V,V, + V,V;: 
Let Y denote the perpendicular from P on the axis. 
Then ¥ = Pi sin @ => 2p, sin , 8, cos 1 A, 
which gives Y =} V,V.V;V, a ae yee, 3 (0) 


4, It is desirable to note at this stage that the V’s (like the p’s) are 
all positive, for points on the outer, as well as, the inner oval, For, from 
equations (2), since the p’s are all positive, it is seen at once that the V’s 
are all of one sign, And this sign can be seen to be positive by examin- 
ing that of V,, say, for each of the ovals. 


5. From formule (2), we next find that 


—_—_—_—_—— 


sin 3 (6, — 6,) = 3 isis (J/c— Jb) ; 





PaPs 
cos 3 (6, — 8) = 4 vip 2 (yo + Vb); a @ 
hence tap 4 (65 — 6:) = v4 Vv. vi—J/b ° 








VerVas 0iae™ 

with similar expressions for the sines, cosines aud tangents of 3 (4, — @,) 
and 4 (6, — 6,). 
Hence we get 

tan 4 (8, — 63) _ ve- vb 

tau 4 6, Je+ Jb 


tan 4 (6, — 63) Jco— Ja 








Se 


tan 5 8: ie Jct Ja (8) 
tan } (61 — 6,) | Vb—WJa 
tan > 6; /b+ /a 


Thus the expressions on the left continue constant as P moves 
on the oval, 
6. We next proceed to prove the important relations 
Bes = ing (0, + 9 a dD eS sin 5 (6, + 6;— 9) 
J PiPsPs ¥ 








Jabe 
oe 80} (0,-b Oa) = sind (01 + On 8) (9) 
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Let A = sin 
B = cos 


8, . cos 3 O, . cos 
6, , sin § O, . cos 
6, . cos; 0, .siu 
6,.sin} 6, .sio0 


C = cos 


tol nol Bole tole 
wl tol— tole sole 


D = sin 
Thén we have 
sin (9, +90, +9,)=A+B+C0-D, 
sini (0, +9,—0,)=—A+B+C+D, 
sin} (0, + 6, —9,) =A- B + C + D, 
sin 4(9, + 062 — 9,) =A+ B—C+D, 
Calculating their values by (2), we get 
A, B,0,D= 3 (/ VaVaVsVa (Vis Vs, Vg, V4), respectively. 
V P'PsPs 


Therefore we have 
CV eo a Vey 
sin 3 (61 + 6: + 0,) =} Ney RPE 


PY a V5 
ein 4 (6, + 6; — 6,) =} To, aes ee (V,+Vs+Vi—Vj) 


( V, +V,+Vs—V,) 


&C, 
~ But from equations (3), we get 
A 





yabe =7;(V, + V, + V,— V.5) 


Ja =4(V, + V;, + V, —V,,) de. 
Also Y= 3 VV,V,V;,V,. 
Hence we get 
i. r 
v8 


sib? (6 6. —@ S SS _, a ° 
gz 2+ 3 a) VP, p, Ps Ja &e 


sing (6, + 6, + 63) 


which proves the relations stated, 


7. The first application we shall make of the 
follows, From O let us draw a line making wit 
wards an angle equal to} (9, + 0, + 6 
F,P at M,,M,,M,. The line will eviden 


se equations will be as 
h the axis pointed left- 
3) and cuttiog F,P, Le 
tly cut FP, FP, F,P at 
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the angles 5 (0, + 9, — 9,), 3(0,4+60, —0,)4 (0; + 0, —0,). Now 
let us see into what parts the radius vector F,P, for example, is cut at M:- 


From the triangle OF , M, we have 


BE Mat) Seite Orw + Aasirt (Oa) 
FO ™ sin; (6, + 0, — 6) 











A r 
__ abe _ “fee 
me Us/G sel a 


But F,O =a, Hence M,F, = A/ Jc ; and thence we get 
P.M, = Jobe. 


The first property of the triple focal parpendicular on the tangent 
enables us at once to identify the line. It is itself the triple focal per- 
pendicular on the tangent at P, 


We have thus proved the fowrth property of the triple foeal perpen- 
dicular on the tangent, namely, it makes with the axis pointed leftwards 
an angle equal to one-half of the sum of the angles that the focal vectors 
F,P, F,P, F,P make with the axis pointed leftwards. 


We further see that it cuts F,P, F,P, F;P at the angles 
% (92 +9; — 9), 5 (65 + 0. — Fo), 3 (91 + On — 9s). 


8, Draw the normal at P cutting the axisinG. We see that the 
normal GP makes with the axis pointed leftwards an angle equal to 
3 (8; + 62 + 4s). 

Hence it follows that confocal cactesians intersect orthogonally. 

Further we see that if a point P describe a cartesian oval the angular 


velocity of the normal at P is one-half of the sum of the angular velocities 
of the three foeal vectors of P.* 


9. Let Q be the foot of the perpendicular from O on the tangent at 
P; and let PQ = #, From the triangles PM,Q, PM,Q, PM;Q, we get 





t sin 3 (@, gO gS On) mee eee 
——_. 3S —— @ vee ove LO 
J abe Ja Sa 
That is, we have the term — added to the list of equal quantities 
a00 


in (9). 





* This property holds for bi-circular quartics, as it holds for the bifocal conics 
and the parabola, with reference to the number of focal vectors possessed in each 
case, and leads at once to formulw for the radius of curvature, 
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in particular, we have 


i) ol < we (1D) 
J abe Y PPPs 











We shall presently meet with many more terms equal to these in 
value and, for convenience sake, we shall use the letter M to denote any 
one of them. Using the value of Y, we have 


M=4 [ViVoVsVy ae . (t1-a) 
PiP2P3 


For the truth of the results (10) and (11) for the inner oval, we should 
regard ¢ as intrinsically negative, like ./a, for that oval, 


10. Let us consider our results in connection with the confocal 
cartesian oval (I) passing through P, Its triple focus O’ will be a point 
in OF produced. Let us denote its focal lengths F,0’, F,0’, F,O’ by 
a’, b’, c’, The smallest of them ie c’. Let the parameter of P in 
regard to I” be 2’; and let the distance OO’ between the triple foci be 
denoted by 5, sothat we havea+a’ =b+b'=c + o' =3. The 
6’8 of the point P in regard to [Y are the supplements of the 6's we are 
dealing with. Hence, noting that Y, p,, p,, Ps mean the same geometrical 
quantities in connection with P for each of the confocals, we get from (9) 








gee Sie — 008k (6, + Os + Os) _ 0085 (6 + Os —6y) 
Y PiPsPr 2 sndatilaoee Ja’ 
Vale 
= 608 3(0; + 6; — @,) — 008 3 (6; + 6, — 6.) (12) 
ft Jc : eee 


which adds four more to our list of equivalent terms, 
ll, Collating now the results 


M = 803 (0s + Os — 6:) _ cos 3 (0, + 6, — 6,) 





Ja tw er. 3. 
: 1 : 1 
t —— ° => * ‘ 
we get, by ratios, M = eearak that ie, M yj. mag i t.9' 


which makes an important addition to the set. 


Taking this result with M = Y/ YPiPsP3 we see that the distance 
between the trip!e foci of the two confocale is given by 


& = PiPeP3 
y2 


sb de eee (14) 
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12, Taking (13) with M = —_, we get 
J abe 


tw Nias ae if wah (18) 

Observing that ¢ is equal to the perpendicular from O on the normal 

at P, as (15) holds for all the eight points of intersection of the two con- 

focals and the right-hand side is the same for all such pointe, it follows 

that ¢ is the same for all such points and we have the theorem that the 

normals to the given cartesian [" at its eight pointe of intersection with any 
confocal [” all touch a circle X whose centre is the triple focus O. 


The radius of this circle is ¢ which, from the value above obtained is 
pee OF,. OF, 
OO’ 
Hence [from (43), First Paper], we infer that the circle X has 
double contact with the confocal T’. 


Make now T and [™ change roles. We infer that the tangents to 
T at its eight points of intersection with any confocal cartesian [ all 
touch a circle X’ whose centre is the triple focus of I” and which has 
double contact with the given cartesian [*.* 


13. Wenext proceed toa noteworthy geometrical theorem in re- 
gard to the centre of curvature of the oval at P. 
Let PG be the normal and S the centre of curvature at P. Then 
[by (58), First Paper] we bave 
GP:SP =a + t)2:2r 


a GS:S Pm #:a 

Now GO = abe/a [by (28), First Faper) 
and — OO’ = abe/t?, by (15). 

ae GO;O00' = ¢t?:,.. 


Hence we get GO:00'=GS8:SP, 
whence O S is paralled to P O’. That is, we have the theorem : 


In any cartesian oval the line joining the centre of curvature at any 
point P to the triple focus is parallel to the line joining P to the Wie focus 
of the confocal passing through P, 


13-1, 1n close connection with this we bave another theorem, as 
follows. 





* See Prof, Wilkinson’s Paper, J. 7, M.S. Vol, XT, p, 172. 
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Tf Q, Q,, ave the projections of O,O' on the tangent at P, then 
PQ. QQ, =r, the parameter of P. 
Proof. Since GP, OQ and 0’Q, are parallel, we have 
PQ: QQ, = GO:00. 


Hence PQ: OQ, = #34, 
But PQ =2. *. QQ; = aft. 
we PQ.QQ, =. 


Remembering that 1 = PM,. M,F,, &e, thie fixes Q,, Thence we 
are enabled to fix O’ the triple focus of the confocal through P ; and 
thence S the centre of curvature at P, by the foregoing theorem. 


14. We next proceed to prove the following relations from which 
we can derive a good account of Genochhi’s Theorem. The relations are 


x 


\ 


/b. COS 6, + ./c. co8 O, + ./acos (9, — 0) =F | 
c 


Jc. CO8 6, + /a, Cos 6, + ./b Cos (6, — IJ= Fz ‘ (16) 
A 
Ja. 608 6, + /b.cosO, + Jc. cos (6, — 0)=75,} 
Proof. These will be true provided they are true when for /a, ./b, 
A 

J/cand Sata ¥° substitute sin } (0, + 6,—0,), sin} (9, + 0;—6,) 
sin 5 (0, + 9, — 9,) and sin (9, +9, +0,) which are proportional to 
them, On substitution, the results are seen to become pure trigonometric 
identities, / 

15, To deduse Genochhi’s Theorem, we require some development 
ef the system of quantities equivalent to M. 


We saw that 
M = _*_ — 5ing (©, + 6, —6,) 
/ abo Rey: 
= sin 3 (93 + 6 —— 6.) = sin z (6, + Os ay 6,) 
vb TERS il 


Hence, by rativs, and use of the identical relations 
sin? (v + y) = sin* a + gin2 y + 2 8iniz sin y cos (z}+"y) 


sin§ (2 —(y) = sin’ @ + sin? y— 2 sin w sin y cos (x —%y) 
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we get 


t sin @y hae’ 
J abe (b + ¢ + 2 Jia cos 6,)4 
sin@, 





_— ———— EO 


> 
(c + a+ 2./oq cos @.)8 | 
Ree a 
(a + b+ 2/ab cos 6; )* 

sin(6, — “s) _ aa) 





(6 + c—2,/bo cos 0, — 03)¢ 
im sin(6,; — “s) = 
(¢ +a —2/cqcos 0, — 65)% 
ae sin(6, — 62) 
(a + b — 2,/ab cos 6, — 6,)? J 
which may be considered to give so maoy expressions for ¢ in terms 
of the 4’s severally, and of their differences severally, 


i6. Now let P be a point of the outer oval and let the arc DP be 
equal to s. Then 6, 65, 63 are the angles subtended by this arc at the foci, 
When s varies, we have 


1 dk 
ds 


= — t, 


This is the little equation we got in (25), First Paper, the negative 
_8ign coming in here as the arc is measured from D, and not C. 


From the relations (16), taking differentials, and noting da = si ds, 


we get 
Jb.sin 6,.d0, + Jc. sin 6, dO, + 
/asin (0. — @,).- a6. -- @.) = moa 





. / abo 
Jec.sin 6. d@, + Jasin 6,.d6,+ 
Jbsin (6, — 6;). d(6: — 63) = oP . ds, eve (18) 
Ja.sin 6,46, + Jbdsio 6, 76, + 
ve sin (0, — 05). d(6, — 92) a= ds. 


Substitute now for sin 6,, siD 65, #in O,, sin (9,—O;), sin (9;—9s), 
sin (0, — 0.) and t, in the above, the quantities proportional to them 
17 
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forming the denominators in the relations(17). Weget 
1 
ds = Jb(c +a +2 Jcacos 6,)* 14¢ 
+ J¢e(a +6 + 2 Jab cos 6.) dé. 
ie Ss | 
+ /a(b +c—2 Jbo cos 9, — C2)? d(6.—4s). 


1 
ds = Jo(a+b+2 Jab cos 6;)° 46s 


SS 
—_— or 








ie 2 oor (19 
+ Ja(b +0+ 2 WJbc Cos 6,)* 46; 
aoe | 
+ Jb(c+a—2 Jca cos 6,—9.)?d (8:—@s): 
va 
ds= Ja (6+06+ 2 bo .cos 6,)* de, 
1 
+ J/b(c+a+2 Jcacos 62)? dé, 
ne 
+ Jc(a + 6—2 Jabcos 6,—65)? & (8; — 05) J 
Hence, by integration, we have 
6 
be if S b(o-+ a+ 2 Jaa cos Q)* dO 
0 
0s a 
+ ii Je(a +5 +2 Jab cos 6)? 00 
0 
0,—90; a | 
+ f *Ja(b +¢—2 abo cos 0)? dO ve (20 
0 


and two similar results, proving Genochhi’s theorem that the are of thé 
Cartesian can be expressed in terms of three elliptic arcs ; and we see tha 
there are three ways of doing so, 

17, By aslightly different treatment we can obtain an expression fo 
s in which the integrals involved are symmetric in 9,, 9,, 9;, but whicl 
involves an extra term, The first relation in (16) is 


/bicos Og + JccosO, + Jfacos(6, —9O,) = a 
J/ abo 





This may be written 
/@ Cos 6, + yb cos 6, + vccos 0, 
+ ya {cos(9, —6,)—cos@,} = : 
Now 
va {cos (9, — 84) — cos 9, } 
= 2 ya, sin} (9, + 6, — 6;) sin 3 (0, + 0, — @, 


pm DA) A ae 
Jab Jac J abc 
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Hence we have 


/acos @, + bcos 6, + Vccos 6, + 2, a a eae 


Jabo Jabe 
Taking differentials, and remembering 3 = — t, we poet 
§ 
f 
Va. sin 6, . a0, + 7b. sin 6, , a0, + Yc. sin @,.d0, 
t t 
—4—. .d = — 
J aoc J abe 


Substituting for sin 6,, sin 9,, sin 6, and ¢ the quantities propor- 
tional to them from (17) as before, we get 


ds. 





dem ya (b+o+2 .J/be cos 6)? dO, 
+ yb (c+ a+ 2 Jca cos 9,)8 dO, 


at 
+ yo(a+b +2 Jab cos 6;)?d@,—4dt  .,, (21) 


which gives 


.9; a ; 
s= | Va (b+c +2 /%b cos 6) dO 
0 
Os : 
sal} Vvb(c+at+ 2 J/ca@ cos @) dO 


Qs Z } 
se fe Ve(a + b +2 Jab cos 6) d O— 4¢.., (22) 


where ¢ = P Q and we know its value, as already observed, in terms of 
64, 9s, or ay 


18. P being on the outer oval still, iet the arc C P = ss” and let us 
seek to express it in terms of the angles ¢,, ¢2, 3 which it subtends at 
the foci, Since (s + 3’) is constant, we have 


ds=— ds." ws vse ve (i) 


Also we have 
6, = 7 — $1,0, = T— de: 6, = Ps; me il} 
do, = — dp,, dO, = — Abe, 10; Hades csns (18) 
By means of these relations we can transform the four expressions 


for ds contained in (19) and (21) and obtain the corresponding expression s 
in for ds” terms of db,, dd, db°, or of these and dé, 
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19. Let us next consider P to be on the inner oval. Let the 
arc A P =s’. Then 6,, 9., 6; will be the angles subtended by this arc 
at the foci. It can be.seen that the investigation for s’ is exactly the 
same as for s. All the steps in the latter as well as the final results hold 
good ; enly, we should consider a and ¢ to be intrinsically negative for 
the inner oval. Consequently explicit expressions for ds’ are obtained from 
those for ds in (19) by changing va into — Ya; or from thatin (21) by 
changing both ya and ¢ into their negatives. 

Finally, we observe that if the arc B Pin this case bes”, and 
it subtend angles ¢,, ,, ¢, at the foci, then expressions for ds” could be 
derived from those for ds’ in the manner of § 18. 
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ON THE EXPANSION OF CERTAIN FUNCTIONS* 
(WITH PROPERTIES OF ASSOCIATBD CO-EFFICIENTS.) 


By C. KRISHNAMACHARI. 





Introduction.—Various series involving inverse powers of natural num- 
bers have been summed up by mathematicians. We have the well-known 
summations in terms of Bernoulli's and Euler’s numbers. Mr. 8S. R. Ranga- 
nathan in his paper, “ Bernoulli’s Polynomial and Fourier Series,” (vide 
J. I, M.S, Vol, X1, No, 2), sums a number of interesting series, Zhe 
object of this paper is to express the sums of various series (includivg 
those summed by Mr. Ranganathan) zz ferms of coefficients of various 
trigonometric expansions, which possess interesting properties similar to 
Bernoulli’s and Euler’s numbers. Since writing this paper, I find that 
Dr. Glaisher has anticipated me in the ‘Quarterly Journal of Matbe- 
matics,’ Vol, XXIX, a volume which I have not been able to procure 
even now from any Indian Library. On page 187 of the Quarterly -Fournal, 
Vol. XLV, Dr. Glaisher makes a reference to an article in ‘Vol, XXIX 
entitled ‘‘ Ou the Bernoullian Function.” From the title I conclude that 
Dr. Glaisher’s method of proof is different frons mine, and that the Av» in 
§ 1 of my paper is Dr. Glaisher’s P,, ; and my Az,-1 is bis Q,. Ur, Glaisher 
further points out that 


Qe? a a’ ws 
pe =1—A,e— A, > + As 271 + Age eee CD 
$1, Let 
1 


2? wc” 
= 1 + A,&v + A» 2! + e008 0e8 + An a1 + eeeere 9 


cos Z—sin # ! 
so that, cross-multiplying and equating to zero the coefficients of the 


various powers of x, we obtain, 
an 2n _ (2n ) 
A,,> ( l ) Ay, —17 (5 ) Arn—2 (‘ Aang 
2n at 
— 1)8- 4 A — 1)" 
——= sevoes + ( Oh (Gar ) L + .( ) 


1 2n+1 __ (ant) 
Anti = are ) Asn wt ip )Aen— ( 3 Ags 


we (I) 


Sr (— 17! (Ai) A, + (—1)’, 





* Presented to the Third Conference of the Indian Mathematical Society, March, 
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where ag denotes the number of combinations of » things 7 at a time, 
T, 


In particular 
A, =1, A, = 3, Aceh A, = 57, .. (2) 
A, =.861, A, = 2763, A, = 24611, A, = 250737. 

Now neva ol as a : sec (7 4+ x) 


cosz—sinz /2 


earl Q ns _ tf ——_-__.. 
= lea tee) yes is ann — oe + (T+ 2) 





pa reek 
Qnr + wr —2 (Foret) 


16d gain Ista pars (—pr-! [aon gear y at ee 

Jela- 4a > (4n —1)x 4a 
1— — 1+ ———. 

T 1 (42 —1)7r 





i 


42 1 
LE Pe (Gea. ore 52 + 72 5 g2 ae wwe) 
43 os {GTN tei tae ee | 
+ ar 2 (a + 33 53 73 + 93 + 113 oor ) + »(8) 
42n—1 on—! 1 i 1 
+ qpin— | . 0 2 (2 + 4n-1 eta 5en—} ae q2n=1 + fee w) 


72n Q2n 
Hence by equating the co-efficients of the coresponding powers of 
on both sides, we obtain, 


+ a , g2n- (1-3-2 hoe + te) toh 





An- ee us 2n By a) 1 ae kt 1 + 
2n— 1! : G ) . J2 —— 41 37m ga 5n + Jen a g" eee 
A2n x \ 2n--l ~ l 1 l Ses (4) 
zn G ) : ve aa J © gun =~ ee 7 7un+l “ eee 











ee 


* Dr. Glaisher has tabulated the values of forty of these numbers, 


Quarterly 
Journal, Vol. XLV, See Introduction, 


+ These formulw are arrived at by Dr, Glaisher presumably by a different 
method, See Introduction. 
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§ 2. The following generalisation of this method is fruitful of 
various results in summation of series : 


1 
cosa — tan « .sin g 


oo 

2 n—1 1 
cos « =———— 2 —1 ae SSE 
tetera > Cu [ — (x — 2x + a) 


= Cos %. sec (% + «) 


i 


1 
2k RLS 2(e + =| t 





] i | “9 1 
= ey eee A 1% 
2cos a a = asp 1) 
. *T — 2a 1 
1 1 
(Za—1) 7 +20” (eae CE Qx 
(22 —1)* + 2a 
~ FI a aaa 
(2n4+1)7 — 2a ° 1 80 2 5 
(2n+1) w — 2a 
= l Ly & ah 1 
= 2 cos a f Corrs + ian eras ae 
1 aay 


1 1 1 
as (oe (720)? (Bn—za)s 


l wv 
(Br+20)? (5a — 2a)? — ») 





1 1 ! 1 
ai Liem us (7+2a)  (S7—2a)® (34r+2a)8 + | 
+, eeee eecoeeeeee Beercee : 


a1 gen [ en 1 1 
+ age tn (7+ 2a)? 2n (877—2a)?” 
1 1 
+ Grt2ue * (r—2ay | 
l 
+ gen onl 1 BAS ght el a 
7 — 2a) (7 + 2a) 
1 1 
See Scr | 
(37—2a) (37 + 20) 


+ one “eee eee eee eee } (5) 
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after expanding the partial fractions and re-arranging in powers of z, We 
have taken the absolutely convergent series for sec 6. 


Hence by writing the expansion in the form 





Un 
1 + » An (tan a«) a 
and equating the co-afficients of the powers of x, we bave ne. (G) 
Aon~1 (tan a) 1s 9 [ 1 : arr 1 
Qr—1)f RL Gr Bay Bay 
l 1 
— (Gx—2a” Bn + (37+ 2a )2” STE ave (7) 
Ao, (tana) 2+! nice oa 
PL Ontg airs hemes Keetece + ee Qa)PT i 
l l 
~~ Br—2a Fi (Ba + Qa;int1 A | we (8) 


In a paper on “A Table of Values of thirty Eulerian Numbers 
based on a New Method” by Mr. M. Bheemasena Rao and myself, it is 
proved that, if we write, tan a = a, then we have 


A, (tan a) = F (a) ) 
=n!ar + (1 — 2)! (in — 1)3 a"? | 
dif +A) DS(n— 3) S(n — 2) stats > (9) 


+ (2 —2r)! S(n— 2741)? O(n — 2742)? ... | 
; 2(e —— 7)" attr a, J 
where the ‘ >” notation is used in a particular sense. 
The above equations are fundamental, and a number of interesting 


summations can be obtained by. giving particular values to a, 


We may 
note the following :— 


(a) Puta = fs then tan « = 1, We obtain the series of scction l. 


The properties of these cu-efficients will be discussed in 
We observe that 


An =n! + (n—2)! S(m—})? " (n—4)! S(n—3)s D(n—2)2 + ,., 
+ (n—2r) ! S(n—2r +1)? S(n—274.2)2 ,,, S(z—r)2 +... 


another paper, 


(b) Puta = 9) tan = v3, We easily find that, if the expan- 


sion be written in the form, 


x2 2 
Pt bye + be 5 te + be Se =e 


eeey 
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2 
then peepee wpe Hie 1 2 tiie Ss a rT bone 
2n 2n 742k 2n $e 2. 2 D! (10) 
5 7 Il 13 6%" =. (4a-—1)1 
l ro: — Le = 1 ta + = xen 2. b, 
Spy oe a nar org = +) 


We find also that b, is to be calculated from the equations, 
2n 2x 
oe, = (1) ben—1 V3 + (7) on — 


: —i1 2n — 
+ (—1)" ea oy EI NT Osh pene 


: (11) 
Cont = ( a Be an V3t Gee ) by, —) — 
Fey (ae) bav8 + Ut (FY 5 aay” 


The values of the first few co-efticienta are, 
b, = J/3,b, = 7, by = 23,/8, 6, = 305, b,. = 1685 A BEES 


(c) Pato = s then tana = ss If we write the expansion as 


2 a” 
l a a 1 7) on as 21 + eee + An ni +- eee yg 
an a 
1 1 1 T 2 2n—l1 
then l yet on + “on + my eee on ‘ fh . (2n—1)! 





D) n 42" 5 n 7 n 3 
1 1 1 1 yey 
Saat ginet — angi tyangi + pea — f (12) 


Qn+1 
7 9 By, 


™ gant V3 Ont 


1 a 7 
Also 4, = 73° a, = 3 RSET 


By comparing with the formule of Mr. Ranganathan (loc, cit,), we 


may write 
Gan = (— 1)"+1.3°"+?, ea ae faut (3s | 

a (13) 
ln. 2 , (Bet? — 1) (24? — 1) BB. | 
A2n41 4m + 1) ( ) ( 
18 
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(d) Ifa =, wo get 








i 
a ee aie —- as aad + on i ees 6a0 7 
#*., 154% 97 13° 19 
2 cl Kwa 1 
42" 92" (2n—1)! J2t+ J2 | 
. (14) 
1 1 l 1 


gavel © Onth pant 132" 41 


ant! 
a eigen ye AMS 


4auri g2n—t Qn ' J2 re /2 








where the K’s are the corresponding co-<fficiente. 


sin 2 + tan a .cos x 








§ 3.. Next consider the expansion of ———— as an 
cos « — tano .sinz 
ascending power series in «. Write the expansion in the form, 
a” 
> e if . Pak eee aoe ace (15) 


Now we have 


sin © + tana. cos 2 


= aa = tan (# + a) 
cos @ — tan &.sin & ‘ 





© 

7 1 
= 2? gi TE NE ee ad Se et cae 
> i —Il)r —2(@ + 4) (2n — 1)7 + uae + a) 5 


& 1 ! 
Patera iret 2x 
1 


~ Qn — 1) — 2a 








ce ! l 
(Zn — 1)r + 2a" i 2a t 


(zn — l)w + 20 
1 1 1 1 
=2f ( nee, see petits eo Sank ciel, FS 
Tw —2a “+ 0a + Seausa er or) eal ) 


l ] ] 1 
+ 2r [ ~ ———. a ———._— — 
(7 — Ya)? + (7 + 2a)? s (37 — 2a) = (37 + 2a)? f ~| 
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1 l 
+ 292? [ $$ ph aed Py ad l 
(7 — 2a) (wr + 2a)t T (87—2a)* ~ Gr+2ays* ™ ] 


+ eee cee 
Serre ieediy eet ea 1S 
(7 — 2a)" (a + Qa) (8% — 2a) 
iF 
+ (87 + 2a) + | 
94 ne? 1] ] 1 
PALE n ae aba lL? o- 
+ l= — 2a)*"t J (7 — 2a )-"t 1 + (37 ay: a)-"+2 


] \ 
— asaya t | a oan} (16) 
after re-arrapging in powers of 2, 
Hence, by equating co-efficients, we obtain, 


Len-1 an.—1 [ 1 1 l 
=3.3 Sera a ee CEE dea ~ *4 ee 
(én—1) ! (7 pat 20)** + (7 + 2a. )*” (37r es 2a.)*" 





1 
+ (37 + 2x)?" + | eee 
(17) 
Ten ez 2,22" [ > ] — ee re 1 
Qn! - (or a Qa)-nt! (7 + Qa)j-n+2 (37 Beis Qa)+t | 
1 
(37 ry Qa)en tt + | o | 

These equations are again fundamental, and by giving different values 
to 4, various summations may be obtained. The following are interesting, 
The general expression for L, as a function of tana has yet to be 
investigated. 


(a) Put «= 5: then tan a = 1, The function to be expanded 


becomes 


sin t + cos _ 1 +.8in 2® _ so0 On + tan 2x, 
cos & — ein & cos 2u 


We obtain the well-known summations in terms of Euler’s and 
Bernoulli’s numbers, : 


(b) Puta = z tana = ,/3. Hence if we write 


sing + Jd COB ® 84] gk Bre See ee 
cosa— J3sing "aR at nt | 
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it follows that, 








Leah Wd ci = i 1 ~ 
8 (2n— ee 6+” : + Bin ae y Be + a un a7 13° 
uns as ] : hi : AS + eee eerere (18) 


€2n 
v3. Yn tl’ 62"F ban) aes Ben ti 7nti ~ Dyentt 


It Hi be seen that 


80 5824 ; 
i, = + C5 = 8, EZ = aa ‘1 = 382, ‘; = 3 i C= 38528, beg een 
and that 
1 1 l 91 7r® 
= eee ee ee ee soe alae 
Pt ost get ips tee 37480 (19) 


The result given by Mr. Ranganathan in bis paper for the sum of 
this series seems to be incorrect. By reference to equations given in 
continuation of this paper, we have 

Con = (— ai oO s ‘pen(3). 
& x yaa malig z 2:7 — 1 By 
Ca. = B aot 1)" qen-, GG) + yj" zt 


ae 





or 


"(3% — 1) (2 — 1) = 


from Mr, Ranganathan’s fish, (loc. cit.) 


(c) Puta = e tan a = os If we write the expansion as 
1 x” 
73" fltdeta St ud 2 +, i, 
4 8 16 
we find d, = ro d, = 3° = = rk d, = 32, eer eee (20) 


_ {2n 1 2n 2n 1 
da, “ed e ) Jon—1° mp: + ‘ep dono q5,- hs ) Jo,—3 jae 
—1)"-2/ 2 2) 4 neh ie dt 2n Is 
a vor {an ped on — 1 41673 
2n + 1 2 i 
dang =(" TT) dag et (MPT) a 


eye (MF atu +c. va 


and also, 
i a opin 1 1 ] 
coy ee SS ony ab 
73° Gal) go = Poe hae F ee to. 





L day = qe2mtd 1 | i » (21) 
= F - _ Pa. - A: 
Ad 2n ! pent Ont d 4-"+1 Boni + sieeve 


idt 
(2) tia = Me and /, denote the corresponding co-¢flicient, we have 
lene y 0” 1 L 1 1 
(Qn—1)!' 8F ~ Be ape wri. gmt se 
22) 
a 2n4-1 } l ( 
by a : + ss ES |S dias + eeeeee 


vn 1° Rene ae 32n+1 ~ 52a] 122+) }3:"+2 


§ 4. The above formu! may also be established by an application 
of Cauchy’s Theorem of residues, as under : 





Consider the expansion of the fonction f (2) = ——— in ascend- 
cos =—sIn Z 
ing powers of z. Since | zf(z)| —» Ouniformly as z —» , it fol- 
lows by Cauchy’ s theorem that the sum of the residues of the function at 
all its poles is zero. 1ts poles are given by tan z = 1, that is, 
a 
— 4 ’ 4 ’ 4 vee 4 ? 4 ’ r= eee 
1 
oaks: 1 A, 
en cos 2—sin 2 +2 es 
A, 
Then E Or is the residue at the origin of the function 
1 
cS Nae 3” (cos z— sin 2) 








47%” l 
Residue of + (z) at 7 = [=] Paseo, 

e-[e]" 
” ” ry Sr a 

9m E oa ie 
” ” Poa eo 5: 

37 a> lel, 
” eg ae i cai iedsll 

ina i = a 4 | ie I etc, 

”» ” 4 T0 — Jf% 


Hence (i)! 
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ie 5s 9" 
rk An—1 T n X 
~ (n—I)! * 6 a 


Hence we have the formula established in § |, 


§ 5, Application to Definite Integrals. 


We know that ‘Ls oral? alta opyras Se 
0 
H eT cae) Te 
ence (7—2a ya (7 +20.)*% (37—za)>” (87 +20)" 
+ : -~ } ! + eee e089 eon 


(57 —2a.)*” (97 + 2a)?" ae (77 —2a)"" 


my eal otf Beet test 9 WA emer +20)_ —x(3n—20) 
T\2n) (0) 





ped —x(b™ —2 
2 —? 
i pot wee ee eee 
= ‘Tan)) 22 even Neer oe 
( 0 e +e 
Hence from $2, we obtain, 
or) os 
A, 1 (tan a) 1 1 2n—L eae : Qn x 
— Cat ee eS |e or 
¢ 2 cosa 0 CoS erie 
r e.0) 2aa —2a 
Fe te (tan «) i oh oe Me 7 ae 
a = a Zz. 
2°" cos a S64 gt of 


Similarly we have, 


A, (tan a) oT ae ee 
2n { WW) ear? 8 (24) 


é 





zn 
2°" t eos a. 2 € 


It is to be remembered that An as a function of a = tan a, 
has been written down already in § 2, The following are exam ples :— 


(a)a = . . We have, 


Rae 7? tee ee 
n= sy oe t— z z 

. z= 1 é — 
3" J ‘ ee ee am 
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which is transformed by the substitution e ='y into 





A. (T jigs =~ {sinh gna 
aca eal cosh Qa” a 
1 l—a2 1l\ 2x—1 ak 
gen ( log) an [y=e® (25) 
= (' cose a \ 2n—1 
tf 1 +c0s 2x (re se 5) dz 


(v = tan y in the last. 


cy yk being the same as in § 1, 


Similarly 


T2 Te2 


2n DT? tas z re 2n 
geri v2 = 8 ofl tk Sa FN 
0 ene 


ev"? 


which may be expressed as 


In+el © eosh x 
A - I= on 
(7) v iF Sok Genesee 


ey + y ] Pn 
hy Ne a ( toe 7) dy 

fh ( log cot © hy 
ay in 1 + cos? az 


by the same substitutions as above, Since the values of A, are known, 
we can write down particular integrals by giving different values to », 


dr, oss (20) 


(b) Pota = 3° We obtain from § 2 (6) that 


2 Py 14 
il ae 


EE eee PT ee { WMigliiee——  4, a 
(2n—1)! 22-1 ~ PF (2Qn) “Jo eTe 4 e-Te 


which may be expressed as 


or \2n by. @ sinh Qa an—1 g 
Denna 2+ (5 ) fo cosh 32 - Z 


= iP Liver 2 ; ( log?) Shay ae 
Oo lis zt “ 


ee bid hl 2 cos © (1 t Dui i, 27 
=a I + 3 cos? zg" 0B ee (27) 
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Similarly, 
eee ij he = Ts DOs eS ree 
m 6 0 cosh 3x 


= fitts (6, ) 
01+ 2° x 








nee ( log cot ~ We dz. 
0 1+ 3cos*a# 2g 
(c) Pota =F We obtain, 
T © sinoh® o-14q 
Bayt we Jo [if cana eine 
Loges d 
olt ye y ( °8 y y 
«/2 sin © Cos £ e \in—l 
= at L . 
fc SESE, « (ioe cot 5) ae 
Similarly 
Qn+1 2 + 2n Sf +- ri gad 
Gon (5) 8 3 — f & ‘ ae 0p ee 3x e ax. 
6 0 +e 





ee) 24 
= ( 2”, ol i . ax. 
= cosh 3% 


~ 


1 Ll+a l\ 3 
= a ] zi Xe 
‘iP aia a ( og ~) dx 


®/3 sin & x \2n 
| aie scare ae ( 10g cot 5)” ae, 


0 





(28) 


(29) 


(30) 


(31) 


(d) Poto = = generally. If X,, denotes the corresponding co- 
efficient, we have 
T she = 2e —2x 
Xon—l (x). = ef on fb ee ae 
ye _— 
+ e 


X, 2m 5 
7 = ™* —mK 
6. + 


(= a 1 ae 7) 2x —225 
n* hy. iy f ey Ee da (82) 
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§ 6. We have again from § 3, 
1 1 1 
7 Sing a ea ee ' 1 
(7w—2a)*” (7 t 2a)?" h (37-—2a)?” ap (37 +2a)2" 
? 
eS i pets AS 
(57—2a)"" + (5 + 2Qa)2” 4. bee ese 


1 2 an— —2x (r— 
rGu hens cite Cr ee a) 


° 


Ae as (S7—2a) iy ee (37 + 2a) oa eee \ daz 


ox fig ANE Hie pant gore Se pean F 
TQ2x) J he aI aaah 


e — ¢ 
Hence we obtain, 
L 0 on : iy 
ed ip i orn) yon te ing te. dee, (33) 


g™ ro) Tt re 


Similarly, 


L a F ov, 
ac pe if ee eee ee a (34) 


g2n+t wane TL —Tre 





These formulae are general, ant! wa can obtain particular cases as 
follows : 


(a) Put a = —., We get the familiar integrals for B, and KE, We 


®/ 3 


need not dilate on these, 


Onenk . a cFate Cae 
l 1 (® 2 Ce Ie oe 
wil 


(6) Put «a = ™ , We obtain, 
oe 2 Se 
M3. (2n—1)! . re ey T'\2n) ° Te —= 


| 

| 

3 

| 

or what is the same thing, 
j Qa —2x 
Jo 2, Cc ~ z) i — ip gen—l ° Laitrh emi dx 

2n—| 6 0 eo% ee oe 8x 





= ; 1 + a : (10g :) Raed dx 
ol—z2° x 
paid fps ae Nk Les (ton cot © 
0 cosa x(3 + cos? 2) 
19 
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Similarly, 
Mave ie vy * de, (37) 
Jo 


J3 Con °* (3 


(c) Put a= *. We obtain from § 3, (c) that 





1 OGL aoe pe Ts Woe 
2 GN OSes [oan e 
4% ; (z ip oar if ACO wel Saker 24 (38) 
TER OF cli aes 0 32 am ¢~32 


(d) Puta= = generally. Then if y, denotes the corresponding 


cc-efficient, we have 
UE 4 =r 
eythE me F 





Von-4 7 \2n za pu: gen—l pO eee Se. . 
~ gin . m 0 2 ee acl e7 me 
2x —2x 
Yin! LT \ ORS ce aL eighties Cee Bee, (39) 
Qintt * \in pews BF * “mx sme oa 
é —= 


The following are a few additional integrals, Substituting for 


§ 7, 
the series in § 2 the definite integrals obtained in the last section, we have 





2n—1 2n—1 2a —lAaz 
2 £ 2 2Qn—] é —eé 
= 2 rie Pha sienna co 
sec (# 4 0) [= (n=)! td 7 dz 


2n In on 2ag —2ahs 
Ss al five. eee 
Qn! 0 nz —KZ 
e + é 











a af. sinh Qe2.sinh 2az wad: af, cosh 2az.cosh 2a2 re 
0 cosh Tz 


0 cosh 72 


(40) 





“. sec(2 +a) = af) cosh (w + %) 22 9. iin 
0 _cosh Wz 

This is a well-known integral for sec #. Similarly from § 2, and § 4, 
we obtain the well-known integral for tan 2. 


N,B,—[The co-efficients A, introduced in this Note have interesting 
properties similar to Euler’s and Bernoulli’s numbers. These will be 


discussed in 4 future paper. ] 


ae 
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SHORT NOTES. 
Linear Systems of the third Order on a Conic. 
(Reference: ‘ Linear Systems of Points,’ J. 7, M, S, June 1919). 


1. A general involution relation on a conic might be visualised 
as the relation between the extremities of a chord passing through a fixed 
point inthe plane. But pairs of points in involution form a particular 
case of linear systems and there arises the question of representation on 
the conic of linear systems of higher order, especially the third. There 
are two types of systems of the third order—the complete and the 
incomplete, The former consists of «7? triads (or in the geometricai 
representation of eo” inscribed triangles) and the latter, of oo triads. 


2. Representation of the incomplete system or the pencil of inscribed 
triangles. 


The incomplete system of the third order (i,e., as we have termed it, 
the pencil of inscribed triangles) corresponds to a straight line in three 
dimensions and is thus determined by any two of its members. Now 
let A,B,C,, A,B,C, be two triangles inscribed in the fundamental conic 
S and let S’ be the unique conic inscribed to each of the triangles. Then 
it is known that there are an infinity of triangles inscribed in and circum- 
scribed to S, S’ respectively, and if amy one vertex of any of these 
triangles is known the triangle itself is determined uniquely ; hence the 


‘set of these triangles constitutes the pencil determined by A,B,Q,, 


A:B,C,. 

It might be shewn similarly that the set of triangles inscribed in S so 
as to be self-conjugate to another conic form a pencil. 

Null Pencils. Yt the pencil isa focal pencil, S’ must have double 
contact with S. 

Since every group of the third order is self-harmonic, it follows that 
if wo triangles of a pencil are harmonic, then any two triangles of the 
pencil are harmonic, Such a pencil will be called a nell pencil. 


Since a pencil corresponds to a straight line in the representative 
three-space with a fundamental twisted cubic,* null pencils should be 
represented by lines specially related to the cubic ; in fact by the lines of 


i complex determined by the cubic. A null pencil containing 
the linear P d be represented bya straight line through the 


Pt mn 


a given triad p shoul 
ee ae 
i t spaces in highet 
* tandard representation of linear systems as fia 
phe re a Se aeoaul normal curve is dealt with in the paper mentioned 











— ee 


dimens 
in the title, 
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corresponding point P lying wholly in the polar plane of P and ‘¢herefore 
meeting the unique line-in-two-planes contained in that polar plane. 
Hence the null pencil should be the pencil determined by p and a triad 
of the form (a fy) where @¥ are the indeterminate pair (Hessian points) 
of panda may be arbitrary. Hence the null pencil containing a given 
inscribed triangle of S is the set of triangles inscribed in S and circum- 
scribed to S’ where S’ may be any conic, inscribed in the triangle and touch- 
ing the polar dine of the /riangle with respect to S’; that is, S’ is a conic such 
that the invariants 9, 0’ of S and S’ both vanish; or, as we might agree 
to say, S’ is harmonic to S. We thus reach the theorem : 


The null pencil of inscribed triangles of S is the set of triangles 
circumscribed to (or self-conjug ate to) a harmonic conic of S. 


The Harmonic Relation. Two inscribed triangles A,, MO, are 
harmonic when the pencil which they determine is a null pencil ; hence 


Two inscribed triangles L,, 2, of S are harmonic when the conic 
inscribed to, and Q, is harmonic to S, 


3. First representation of the Oomplete System. The geometrical 
meaning of the harmonic relation obtained above leads immediately to a 
representation of a complete system. The complete system whose foci 
are the points ABC on S is the set of all triangles harmonic to 
ABC, that is, the set of all triangles inscribed in S and circumscribed to 
the various conics of the 4-line system determined by the sides of ABC 
and the polar line of ABC with respect to S, 


To represent a complete system with a double focus. 


Let the foci be ABB and let the t.ngents at A,B toS meet in T. 
Then the complete system consists of triangles inscribed in § and 
circumecribed to the conics touching AB ut A and TB at T, 


4, Second representation of the Complete System, Let P be a point on 
8 and Q, R points not on S, Then the system of conics passing through 
PQR intersect S again in triads which evidently belong to a complete 
system, If QR intersects S in UU’, then it is obvious from elementary 
geometry that 


(1) UU" is the indeterminate pair of the complete system, 

(2) If Q’R’ be two points on QR suck that QR, Q’R’, UD" belong 
toan involution, then the complete system determined on § in the above 
manner by PQ’R’ is exactly the same as the system determined by PQR 


Let ABC be the foci of the complete system determined 
as above b 
PQR, Then the line QR should be the polar line of ABO with ashe 
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_toS. Let PA, PB, PC and the tangents at ABC cut QR in A,B,C,, 
A,B,C, respectively. Then, by elementary geometry and the fact that 
A, B, C are foci of the system, it follows that the involution determined 
by QR and UU’ contains the pairs A,A,, B,B,, C,C,. 


Hence in representing a given complete system with foci ABC in this 
manner, the point P is entirely arbitrary, the line (Ris determined by 
ABC only, the points QR are unspacified except in that they belong to an 
involution which always contains UU’ and which is further completely 
determined when P is chosen. 


We can shew that no material alteration in the terms of our repre- 
sentation is necessary when the system has a double focus, 


Do. The complete system determined by three inscribed triangles 
Ceri. ZN es, 

Let 8,,8,, 8, be the conics inscribed to every two of these triangles 
and let L,, L,, L, be the polar lines of these triangles with respect to S, 
There is a fourth common tangent to S, and 8. besides the sides of A, ; 
call this fourth common tangent L, The intersections of L with § 
have one correspondent in the pencil (A,, A,) and another corres- 
pondent in the pencil (4,, 4). Hence these intersections have more 
than one correspondent in the complete system (A, 4, 4,) and there- 
fore must form the inxde/erminate pair cf the complete system. We thus 
have the theorm :— 


The fourth common tangent to any two of the conics 8,, S,, 8, ts the 
same line L. , 

Further, if & be the focal triangle, the pencil (A, A’) is a null 
pencil, hence the conic inscribed to S and 4, must touch Land L, (since 
these are the polar lines of 4 and 4,). Hence if P, be the conic 
touching L, L, and the sides of 4,, we have the theorem : 

The conics P, P, P; belong toa four-line system. Theiy common 
tangents other than L form a triangle which is inscribed in S and which 
ts, in fact, the focal triangle of the complete system (QO, Oe &,). 


6. Zhe Parabola. 

The feet of concurrent normals is a complete system of the third 
order whose foci are A 0 o (where :A is the vertex and o, the point at 
infinity on the parabola). We call this the co-normal system, The 
triangle formed by the feet of concurrent normals will be termed ‘a 
co-normal triangle.’ The triads of points the centres of curvature at which 
are collinear form another complete system with the foci AA ow, This we 


call the coecentral system. 
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From the first representation of complete systems, we have— 
(1) Any co-normal triangle is circumscribed to a parabola with the 


same vertex A and with its axis perpendicular to the axis of the given 
parabola. 

(2) Any co-central triangle is circumscribed to a rectangular 
hyperbola the asymptotes of which are the tangent at the vertex and the 
axis. 

The second represeatation gives 

(3) If a conic with definite asymptotic directions circumscribes a 
co-normal triangle, it cuts the parabola again in a fixed point P, such that 
the involution determined at oc by the asymptotic directions and AP and 
the tangent at P has the point at oo on the axis for a fixed point. 

In particular, the circum-circles of co-normal triangles pass through 
the vertex, 

More generally, a conic circumscribed to a co-normal triangle with one 
of its axes parallel to the axis of the parabola, necessarily passes through 
the vertex. In particular, the otier parabola which passes through the 
vertex and is circumscribed to a cv-normal triangle has its axis 
perpendicular to the axis of the given parabola, 

(4) A conic which bas an asymptote parallel to the axis and is 
circumscribed to a co-central triangle intercepts on the tangent at the 
vertex a length which is bisected at the vertex. 

Any conic having the tangent at the vertex for an asymptote and 
circumscribing a co-central triangle is a rectangular hyperbola, 


We may also prove the following : 

(5) A co-normal triangle may also be in addition co-central. This 
happens when the point of concurrence of the normals lies on the perpendi- 
cular to the axis at the cusp of the evolute; further in this case the line of 
collinearity of the centres of curvature is a diameter of the parabola, The 
axis of the parabola is midway between the point of concurrence and the 
line of collinearity, 


The polar line of a co-normal co-central triangle with respect to the 
parabola is the axis. 


(6) Two co-normal triangles are harmonic when the join of their 
points of concurrence is a diameter ; two co-central triangles are harmonica 
when their lines of collinearity meet on the perpendicular to the axis at 
the cusp of the evolate. It is also easy to find the relation between the 
point of concurrence and the line of collinearity of two harmoni 

triangles one of which is co-normal and the other co-central, nie 


R, VAIDYANATHABWAMI, 
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SOLUTIONS. 
Question 754, 


(S. Ramanvsan) :—Show that 


AREER IE 
ew J« 
where E lies between ;3, and ,'; for all positive values of a. 


V8e% + de t+a+ E 


Remarks by BR. H. Neville and C, Krishnamachary. 


Mr. Madhava’s method (vol. xii, pp. 101-102) leads much nearer to 
the solution than he supposes, for in passing from the first formula on 
p. 102 to the third he has overlooked the alternations of sign on the left- 
hand side. On making the correction, we have 

E = $o> F ——— gio: 
With these values, Mr. Ramanujam’s assertion is seen to be credible, but 
more powerful means must be used if it is to be proved. 





Questions 908 and 1012. 


(K. Appuxurtan Erapy, M.A.):—Show that (a,q, ... aon) (#, y)* is 
reducible to the form 





P(e + byy)™ + pole + boy)? + vereee  pn(@ + ny)” 
if BivGen\ oss aay 
a, A> eee eee Ay+1 | 
eee ee — 0, 
An An+1 eee oor Aan 


(N. SaNKaRA ATYaR) :-—Solve 
(1) 2° + 12x 4 4504 + 10028 + 1202? + 78a + 21 = 0; 


(2) Qa* + 1228 + 30x? + 32a + 12 = 0 
by expressing the left-hand members in the forms A® + B® and A* + B4 


respectively. 
“ Additional solution by N. Sankara Aiyar. 


Expanding > p,(z + ,y)*" and equating coefficients of 7, we get 
by P+ = Ao) >¥ PrDr = a, = pd. = ap eer des 
the number of these equations being (2” + 1). 
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Eliminating p,p >... px from the first n + 1 of them, we get an 
equation giving b,bg ...... On, Vit, 


| Ree Dole = PB 
b, by ees ove «= 
b by? see eee ao = 0. 
b, -Z by” eee ove §=— 


This can be expanded and written in the form 


¥ a,4, = 0 where A, is the minor of a,. 


Again from the second n + 1 equations we shall get 





by: (hs ose iss, Oy 
b,3 i ooe oe a» 

bai ==/Q; 
Brel beetles z 


which may be written in the form 5 a,4, A, = 0. 


From the 7 + 1 equations of the type 5 a,+; A, = 0 We get by 
eliminating the minors the required relation between the a’s. If this 
relation is satisfied the (n + 1) equations are consistent and we get the 
values of A,and hence by solving the equations A, = & we can get the 
values of the 6’s and lastly of the p’s. As an example let us take the function 
a* + 828 + 1822 4+ 202 + 8, where the coefficients are easily seen 
to satisfy the equation. 


Hence the equations for 3,, be are 
26,by — 3(d, + bg) + 5 
bby — 2(b, + bo) + 3 = 0, 


1 





Since b, = by this gives b, = Y° +! ana a, = 1 v5 





A 2 
Substituting in the equations for the p’s 
we get py = deo, and P= i= 3 


Hence the given expression can be written as 


5— J5 Joel \4a fos 1— y5\¢ 
rf (4 AE Sete ey 


i 


SS eee 
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Solution to Q. 1012, dy K. B. Madhava. 


[Note.—Applying this method to Q. 1012, it is easily seen that the 
polynomial expressions there given are equivalent to 


5+ 3/5 57 6 Ata ayy 
<p (2+ SSF) 2 3/5 (e+ > V5)" 2 0, 





10 2 “10° 2 
ct aS (24 ee Jt + = 8¥8 (e+ 18) oo 
from which the solutions of these equations are obvious, 
In general, if the polynomial is of the form 
22" + 2ne, ~ A, 222-1! + 2ncg . Ao w2n—? + i. + Aon = 0, 
where A,z1 = A, + A,-) with A, =2 and A, = 3; 
it can be expressed in the form 


5+ 3/5 J5i+1\arn , 5—3Y5 T— /5 \2n 
10 (2+ 7) Eto a0 (e+; ) sit 
and the solution of the equation in this form is immediate. } 





Question 957. 


(Martyn M, Tomas, M.A.):—From a flexible envelope in the form 
of a surface of revolution formed by the curve s =f (y) revolving about 


_ the axis of 2, that part between two meridians the planes of which are 


inclined to each other at an angle 277 is cut away, and the edges are then 
m 


sewed together. Prove that the meridian curve of the new envelope will 


be s=i ( my ). 


m— ]) 





Hence show that, if a lune of angle ee be cut off from an oblate 


’ spheroid, the minor axis of whose generating ellipse is c, and eccentricity %, 


the meridian curve of the new surface of revolution will be the curva of 


” Be a 
sines y = {csin ~. 
Solution by N. Sundaram Aiyar. 


Let y be the radius of the circular section at distance # from the 
origin, and y’ that of the new section at the same distance from the 
origin, The two perimeters of the section are in the ratio 

m 2ary m 
La so that Qary’ mel 


20 
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But the surface of revolution is formed by the curve « = f (y) 


f m 
meridian curve of thenewenvelope is s =f (. ao ; 


So, the 


The equation to the meridian curve of the oblate spheroid is 
a + ee = | where a is the semi-major axis, so that a2 — c? = aa. 5% ; 
c a 
5¢ 


Dias =r also m = 5. 


The equation to the curve is therefore 25a? + 16y2 


2 = 25¢8, 
oii; He aa Bie ( eo) a _ 256y? 
"" dy 25a dy 25 (25ce7—16y?) 
wu Oder a. 625c3 — 14472 
hi! (7) a $ (y) J 2d (25c3 — !6y*) 


fam [" bly) dy = ® (y) ony. 


Then the meridian curve of the new surfaca of revolution is given by 


ale are Vela 


a ds 5 4 (*) iE 5 ! 625¢c2 — 16. 25 y? 
dy 3 B 3 N25 (25c* — 16. .25y2/9) 
— /25c4 — 164? 
9c? — -16y3 * 
‘ (7) Sag 16c? 
dy 9c? — l6y* 
or . Hg __Aedy 
ro) 90 — 16y4 —_— 16y4 
tet sin 4y 
3e 
= = Be sin ~, 
4 c 
Question 996, 
Find the conditions that the conics 
az? + Zhoy + by? + Qqx + 2fy + 6 = (0 
and 


ax? + Qh’ ry + b’y% + 2q't + ly + oO =0 
have one asymptote in common, 


155 
Solution by P. R. Venkatakrishna Iyer and others. 


Let y = mz + be the common asymptote, The «co-ordinate of 
the points of intersection of az’ + 2haey + by? + Qu + By +c= 0 
and y = mz + n are given by 

ax? + 2he (mz + n) + b(mx + x)® + Qou + 2S (ma + a) + c=0, 
te, @° (a+2hm+bm’) + 2a (int bmntg + fm) + bu* + Wn +00, 


If y = ma + 7 is anasymptote, then 


a+ 2hm + bm? = 0, “4 49 (i) 
and hin + bmn + 9.+ fm = 0. ave reed 
Similarly, if y = mx + x is an asymptote of the other conic, then 

a’ + 2h'm + b'm*® = 0, aN meee ALL) 
h'n + b'mn + of + f'm = 0, do AS LEG) 


Eliminating m between (i) and (iii), we get 
H* = 4A.B, ose ooe (1) 
where A = bh' —bh; B= ha’ — h'a; H & al’ — a’, 
From (ii) and (iv) 


h + bm hi + Om’ 
tee,, m2(b'f — bf) + m(Vg — bg’ + h'f — hf’) + (h’g — hg’) = 0, (v) 
Eliminating m? and m between (ii), (iii) and (v), we have 
a 2h b 
a’ 2h’ b’ = 0, 
(h'g —hg’) (b'9 —bo + hf—hf') — (h’'g — hg’) 
which on simplification reduces to 
(g VA + f/B) (b' VB +A VA) = (9 VA + Sf’ vB) (bVB tha). (11) 
The conditions (I) and (II) are the required conditions for a common 
asymptote, 





Question 1OLO. 


(K. J. Sarsana, M.A.) -—Solve the equation «*° + y® = a* + b,° 
where a and Dare given positive quantities and « and y ate required to be 
positive. 


Examples. 2° + y° = (2)° + (3), a + y® = Ol = 4 + BY, 
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Solution by NM. B, Mitra. 


A particular solution of the problem may be given by following 


Vieta’s method, 


Let 34 —y® = a® + D*. 
Assume u=sat2z0=k2—b. 
Then gt (1 — k8) + 82 (a + bk?) + 3 (a? — Bk) = O 


To get a particular solution assume & = a?/b2, 
3ab*® ay aa + 26°) : = (2a° — b°) 
a—b ~~ s—p * a’ — b° 








Then z= 


Now we have a + ys = u® — v%, 


If u® > 2v%, assume v= p—v, y= U— rp; 
then, p*(1 — r4, + 3p°(r?u — v) + 3p(v? — wr) = 0. 
A particular solution is obtained by putting r = v*/w*, 


We get 





x Buus 
P ue + vu, i 
and finally 
fits aSet —v ) y = wut — Qu) 
u® + v us + v® 
If, however, «’ < 2v°, we proceed thus : 
Assume u,> —v,° = ub — 2%, 
‘Let u, =p, —v and v, = 7p, —w; then proceeding in the same 
way, we get 
» oes — v%) i Abie — wu?) 
ue+oy3 ’ "a u*® + v® ; 
and finally C= ye Neel, and y = ay fore eh) 
uy”? + v," S + ir 
Examples: (1) a = §, b=: then 
aN 895 » = 069 
196 196’ 
and ip eases _ 895 . 118080757 
196 , 1016335684’ - 196 , 1016335684 
(2) a=4, 6=38: then 
u= 472 ,;v = 303 
Cy i Sic 


= 152072175, 377 7 ~ sg 75T7s 37" 


OPEN ene ered 
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Question 1030. 
(SeLecreD) :—If a?"-! 4 y2-l 4 aj2e-) 4 gym +, 4 aor?" 1=0, 
for ail integral values of » from 1 to r inclusive, then 
(@+A,) (+42) 0... (% + Ao ) = (Y + ay) (CY Fay) vecece (Y + G2) 
Solution by F, H. V, Gulasekharam, and N, G. Leather. 
Let S,, denote the sum of the m!" powers, and p,,, the sum of the m— 


ary products of the quantities ©, Y, Ay, Ay, esecsssssers a, . Let P,, denote 
the sum of the m —ary prodocts of the quantities a), Ay so..sseBrr 


By the question ig PME SOS! cents vay asieedtasisichat es. OPN Paes 
Hence By Pig ER vecece the caneon see sogees = P3eei == \0. 
These are equivalent to the following (r — 1) equations :— 
(@ty)tp=0 
Piety + po (Ut yl tp, =O 
Ps ty tps. (Oty) +p =0 


Pras + CY + pr-a. (% + y) + pw-1 = 0. 

Now, denoting x” — y” by D,,, multiply the above (r — 1) equations 
in order by D»,, Dz,-», «100 D. ; and add the results, Then 
D2. (0 + y) + pi (De + ay. Dor-2) 

+ Po D2,- a(x + y) — Ps [D2,-2 + ry De,-4] + eeeers = 0 eee (1) 
Now remembering that Dint ay « Dim-2 = (@+y) Dem-1, ... (2) 
the equation (1) may be written in the form 
(@+y) [ Do, + Pi D2;—1+ Pe D2,-2 + setoee + P2r—2 D, + Pirel D,]=0 
Hence, 
BO ea ice tse ct Popes @ 
= yt + py yh! vee + Pop ¥ 
fo (ME dy) (DH Ay) veer (@ + Fy") 
= (y + a) (y + a.) eos cecens (y + Ao»). 





Question 1031. 
(C, Krisunamacuant) :— With the usual notation in elliptic functions, 
show that if u + v0 + w = 0, then 


ay Se @ vo) — Pp)? 
pu) p(v) p(w) =r gate fe p (u) — p (2) 





Deduce that 
p (2) (6 (2 + vw.) + pe + wo) + p (2+ ws)] 
1 1 1 ? 
Fag ey ry Pema kee <1, ¥, 
4 Pil varsity thr eaves e, — p(2)$ 
Solution by F, H, V. Gulasekharam ; and V. Tiruvenkatachart. 


Since u+v+t+w =Q0O, 


the points {pu p(t, {poe WF, Cpe CH) ss 
of the curve y? = 423 — g,t—g, are in astraight line, 
Lot the straight line be yo=Az + B, 


* Ap(u)+B=p' (vu); AA(vr) + BS Z (v). 
> Be — Fu) ple) =F (0) p ts) 
p (u) —p (v) 
also p (u), p (v), p (w), are the roots of the cubic equation 
4x* — 9,.% —g, —(Ax+B)? = 0. 
“. p(w) pr) p(w) = igs + 7 B* 


ane 1 Sp’ (u) p @) — pW) p’' (ve) 
493 +4 1 ey ple) v. 


The second part of the question seems to be inaccurate. 





For ple)p(etu,)ea =z Se des = Redes 
? 1 4 93 €,~i (p(z) — 1)?" 
Hence p (2) {p (2 + wi) + p(2 + 2) +p (e+ ws)} + dye 
(after some easy reduction) is equal to 
1 2 Cy 
Lp (oe Bap 
4 {p (2) — er} 8 
{Note,—That the question is inaccurate can be easily seen by 
applying Liouville’s Theorem ; for, a pole, say z = 0, is of order 2 for the 
left side, while it is only simple for the right-hand expression: K. B, M.] 


QUESTIONS FOR SOLUTION. 


1179. (F. H. V. Gutasexnaram):—From an external point T (2, y), 
tangents TP, TQ are drawn to the conic S = au? + hay + by? + gz 
+ 2 fy + c = 0, prove that the area of the triangle TPQ is 


Bae 
O—CS ’ 
and that the area of the quadrilateral OPTQ, where O is the centre of the 
conic, is 


/—AS f.as ry} 
& Sony ET Semel : i wots 
“B—Cs tye tus |> 
a, h, a 
|, and C = ab — R?, 
where As h, b, ‘Salle . ‘ 
9 hh & 


1180, (F. A. V. Gocasekaaram) :—If g and h are the lengthe of the 
bisectors of the angles B and C respectively of a triangle ABO, prove that 
4a? > g? + h?. 


1181. (C. N. Sreenivasa Tyencar):—A’B’C’ is the triangle formed 
by joining the midpoints of A ABC; °A’’P’’O” is similarly formed from 
A’B‘C’, A’’B’"C” from A’’B’C” and soon. If S, 8S’, S”, etc,, N,N’, 
N”, etc., and O, 0’, O”, etc., denote the corresponding circum-centres, 
N.P. centres and ortho-centres respectively, then the taree sets of points 
all tend to the same limit. Find the exact position of this limit in relation 
to the triangle ABC. 


1182, (B. B. Baci):—The sides taken in order of an n-gon (n being 
odd) circumscribed to a circle are @,, 45,43, ...@,. Prove that the radius 
of the inscribed circle is given by 

i) tan-! : 
() s=— 05 — As comer J eee — An-—-2 
oo] 


+ tan- 2 ———________.__- 
6-78, = a, bars a. apt i 3 An—y 


+ 
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x 
tan-! pee EF oo + ~. 
+ § — A, — G, —— A, — we —— Un 
Ww 
+ fant 8 =F (a8) 
a= 0a — a, —_— a4,— An-3 2 


(ii) and that the area A is determined by 


A 
bate ee eg 
Fi at i veri. Ng Caenet, An2) 
"g Hs 
+ tan) 2 ee 
S\S = a, Saeed ay 7s 60 ae An—1) 
ran 
prtanthi ts ie a pre 
StS hg a Oy 9 Ose — an) 
A 
wird in ra ees 0S Pe zs 
S($ —~- An —- Bg — — at—") 
Ci 
= -— (n — 2), 
2 


where 25 =a, +4, + a, + 1. + Oy 


1183. (B B. Bacar):—The circles round AQR, BRP, CPQ where 
P, Q and BR are points in order on the sides BC, CA, AB of a triangle 
ABC, meetin O. If A’, B’, C’ are the middle points of the arcs QOR, 
ROP, POQ then show that A’B’C’ is a triangle similar to the triangle of 
the ex-centres of ABC, and also that A’, B’, C’ and the in-centre of ABO 
are concyclic. 


1184, (G.S, Mamasani) cin any triangle, we know that 
c? = a? + 4? — Qab cos C, 
Similarly, in any polygon of n sides (4, ay ... a») 
n—1 


“~ 
an? = ZS a,2 — 2 > a,a, cos a,a,, 
as 


x and s being uneqaal and taking all integral values from 1 to (n — 1), 


Symmetrically, the sides and angles of a polygon are connected by 
the following relation :— 


wd w~ 
> 4,7 — 25 a-0, cosa,a = 0, 
i 


r s being unequal and taking all integral values from 1 to x, 
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